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In this note, a doubly magic rectangle is introduced to construct a doubly pandiagonal
magic square. A product construction for doublymagic rectangles is also presented. Infinite
classes of doubly pandiagonal magic squares are then obtained, and an answer to problem
22 of [G. Abe, Unsolved problems on magic squares, Discrete Math. 127 (1994) 3] is given.
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1. Introduction
A magic square A = (ai,j), 0 ≤ i, j ≤ n − 1, is an n × n matrix of n2 distinct nonnegative integers with the property
that the sum of the n numbers in every row, in every column and in each diagonal is the same. The sum is called the magic
number, n is called the order of A. A magic square A of order n is called normal if the entries of A are 1, 2, . . . , n2.
The study of magic squares probably dates back to prehistoric times [3]. The Loh-Shu magic square is the oldest known
magic square and its invention is attributed to Fuh-Hi (2858–2738 B.C.), the mythical founder of the Chinese civilization [3].
In the 9th century C.E., magic squares first appeared in the Islamicworld. The Islamicworld had constructed their ownmagic
squares by the 13th century. Magic squares entered the Western world via the trade routes from Asia in the 14th century.
Formore details on the history of magic squares, the readermay refer to [9]. A lot of work has been done on the construction
of magic squares, for more details the interested reader may refer to [1–3,5,9] and references therein.
A magic square A = (ai,j), 0 ≤ i, j ≤ n − 1, is called pandiagonal (diabolic, perfect, or nasik) if for each 1 ≤ k1 ≤
n− 1,∑n−1i=0 ai,k1+i is the magic constant, and for each 0 ≤ k2 ≤ n− 2,∑n−1i=0 ai,k2−i is the magic constant. The subscripts of
a here are taken modulo n.
The following definition is from [6]. Let A∗d be the n× nmatrix obtained by raising each element of A to the d-th power.
Thematrix A is called anm-multimagic square (m is a fixed positive integer) if A∗d is amagic square for 1 ≤ d ≤ m. Similarly,
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one can define an m-multipandiagonal magic square. When m = 2, we will refer to a doubly (pandiagonal) magic square
instead of a 2-multimagic (2-multipandiagonal magic) square. As stated in [6], the first doubly magic square was given by
Pfefferman [4,10]. Infinitelymany doublymagic squares are constructed in [6]. In fact, infinitelymanym-multimagic squares
are also shown in [6] for everym.
The following is open problem 22 in [1].
Does there exist a doubly magic square (ai,j) such that both (ai,j) and (a2i,j) are pandiagonal?
Doubly pandiagonal magic squares of order 32 and 125 were constructed by Su and Li respectively [4]. To the authors’
knowledge, these are the only known doubly pandiagonalmagic squares. In this note, a doublymagic rectangle is introduced
to construct a doubly pandiagonal magic square.
Magic rectangles are a natural generalization of the magic squares which have long intrigued mathematicians and the
general public. A p× q magic rectangle is a p× qmatrix A = (ai,j), 0 ≤ i ≤ p− 1, 0 ≤ j ≤ q− 1, in which the pq distinct
integers are placed so that the sum of the entries of each row is constant and each column sum is another (different if p ≠ q)
constant. The magic rectangle A is called normal if the entries of A are 1, 2, . . . , pq. For more details on magic rectangles, the
interested reader may refer to [7] and the references therein.
To construct doubly pandiagonal magic squares, a p × q doubly magic rectangle with gcd(p, q) = 1 is needed. We give
the definition of a doubly magic rectangle below.
A magic rectangle A = (ai,j), 0 ≤ i ≤ p − 1, 0 ≤ j ≤ q − 1, is called a p × q doubly magic rectangle if
A∗2 = (a2i,j), 0 ≤ i ≤ p− 1, 0 ≤ j ≤ q− 1, is also a magic rectangle.
It was shown in [8] that for p > 1, q > 1, there is a p×qmagic rectangle if and only if p ≡ q(mod 2) and (p, q) ≠ (2, 2).
The construction below requires that gcd(p, q) = 1. So, p, q should be odd integers. From now on, we will assume that p, q
are positive odd integers, and gcd(p, q) = 1. In the following, we will use Zu to denote the residue ring of integers modulo u.
Suppose a is an integer,M = (mi,j) is an s×smatrix,wheremi,j are integers, 1 ≤ i, j ≤ s. Define aM = (ami,j), 1 ≤ i, j ≤ s.
Let A = (ai,j), B = (Bs,t) be magic squares of order n, and m, respectively. Let A B = (ai,jB), 1 ≤ i, j ≤ n. Then it is not
difficult to see that A

B is a magic square of order mn. This is the well known product construction. This construction is
also true for doubly magic squares. The product construction is also true for magic rectangles [7]. In this note, the following
product construction is obtained for a doubly magic rectangle.
Theorem 1.1. Suppose there exist both a p× q doubly magic rectangle A = (ai,j), ai,j ∈ Zpq, i ∈ Zp, j ∈ Zq, and a u× v doubly
magic rectangle B = (bs,t), bs,t ∈ Zuv, s ∈ Zu, t ∈ Zv , then there exists a pu× qv doubly magic rectangle.
In this note, the following result is also obtained.
Theorem 1.2. Let p, q be two positive integers such that gcd(p, q) = 1. If there exists a p× q doubly magic rectangle, then there
exists a doubly pandiagonal magic square of order pq.
By using Theorems 1.1 and 1.2 and computer searching, the following result is obtained.
Theorem 1.3. For each integer n ≥ 1, and (p, q) ∈ E = {(11, 7), (13, 7), (19, 7), (13, 11), (17, 11)}, there exists a doubly
pandiagonal magic square of order (pq)n.
Remark. From Theorems 1.1 and 1.3, one can also construct more doubly pandiagonal magic squares. For example, there
exist q × 7 doubly magic rectangles for q ∈ {11, 13}, so a 143 × 49 doubly magic rectangle exists from Theorem 1.1, and
hence a doubly pandiagonal magic square of order 143× 49 = 7007 exists.
2. Proof of the main results
In this section, Theorems 1.1–1.3 will be proved.
Let a,m be integers, ⟨a⟩m be the smallest nonnegative integer such that a ≡ ⟨a⟩m(mod m). Suppose A = (ai,j), ai,j ∈
Zpq, i ∈ Zp, j ∈ Zq, is a doubly magic rectangle, g, g1, g2, h ∈ Zpq. Let
f (⟨qi+ pj⟩pq) = ai,j, i ∈ Zp, j ∈ Zq, c(d) =
pq−1−
t=0
f (t)d,
S(d) =
pq−1−
x=0
f (⟨gx+ h⟩pq)d, T (d) =
pq−1−
x=0
f (⟨g1x+ g2h⟩pq)d.
Then the following result is obtained.
Lemma 2.1. Let A, f , S(d), T (d), and c(d) be defined as above. Then
(1) for (g1, g2) ∈ {(p, q), (q, p)}, T (d) = c(d), d = 1, 2;
(2) if gcd(g, pq) = 1, then S(d) = c(d), d = 1, 2.
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Proof. If gcd(g, pq) = 1, then it is easy to see that {⟨gx + h⟩pq : x ∈ Zpq} = Zpq, and hence the conclusion is true for
S(d), d = 1, 2. Next, we will prove that the conclusion is true for T (d).
For x ∈ Zpq, one can write x = qw + e, 0 ≤ w ≤ p− 1, 0 ≤ e ≤ q− 1. So for (g1, g2) = (p, q),
T (d) =
pq−1−
x=0
f (⟨px+ qh⟩pq)d =
q−1
e=0
p−1
w=0
f (⟨p(qw + e)+ qh⟩pq)d =
q−1
e=0
p−1
w=0
f (⟨pe+ q⟨h⟩p⟩pq)d
= p
q−1
e=0
ad⟨h⟩p,e.
Note that A is a doubly magic rectangle, then T (d) = c(d).
Similarly, one can prove that the conclusion for T (d) is also true for (g1, g2) = (q, p). This completes the proof. 
Lemma 2.2. Suppose that gcd(p, q) = 1. Then
(1)
∑pq−1
x=0 f (⟨px+ (q− p)h⟩pq)f (⟨(p+ q)x+ ph⟩pq) = (c(1))2/pq;
(2)
∑pq−1
y=0 f (⟨(q− p)y+ ph⟩pq)f (⟨py+ (q+ p)h⟩pq) = (c(1))2/pq;
(3)
∑pq−1
x=0 f (⟨qx⟩pq)f (⟨(2p+ q)x⟩pq) = (c(1))2/pq;
(4)
∑pq−1
x=0 f (⟨(2p− q)x+ p− q⟩pq)f (⟨qx− p⟩pq) = (c(1))2/pq;
(5)
∑pq−1
x=0 f (⟨qx+ (q− p)h⟩pq)f (⟨(2p+ q)x+ ph⟩pq) = (c(1))2/pq;
(6)
∑pq−1
x=0 f (⟨(2p− q)x+ (q− p)h⟩pq)f (⟨qx+ ph⟩pq) = (c(1))2/pq.
Proof. Weonly prove that the result is true for (1). One canprove (2)–(6) similarly. For x ∈ Zpq, one canwrite x = qw+e, 0 ≤
w ≤ p− 1, 0 ≤ e ≤ q− 1. So
pq−1−
x=0
f (⟨px+ (q− p)h⟩pq)f (⟨(p+ q)x+ ph⟩pq) =
q−1
e=0
p−1
w=0
f (⟨p(qw + e)+ (q− p)h⟩pq)f (⟨(p+ q)(qw + e)+ ph⟩pq)
=
q−1
e=0
p−1
w=0
f (⟨qh+ p(e− h)⟩pq)f (⟨q(qw + e)+ p(e+ h)⟩pq)
=
q−1
e=0
f (⟨qh+ p(e− h)⟩pq)
p−1
w=0
f (⟨q(qw + e)+ p(e+ h)⟩pq).
For fixed e, since gcd(p, q) = 1, then {⟨qw+ e⟩p : w ∈ Zp} = Zp. Let ⟨e+h⟩q = le, then∑p−1w=0 f (⟨q(qw+ e)+ p(e+h)⟩pq) =∑p−1
i=0 ai,le . Since A = (ai,j) is a magic rectangle, then
∑p−1
i=0 ai,le = c(1)/q. So,
q−1
e=0
f (⟨qh+ p(e− h)⟩pq)
p−1
w=0
f (⟨q(qw + e)+ p(e+ h)⟩pq) = c
(1)
q
q−1
e=0
f (⟨qh+ p(e− h)⟩pq)
= c
(1)
q
q−1
z=0
f (⟨qh+ pz⟩pq)
= c
(1)
p
q−1
j=0
a⟨h⟩p,j =
c(1)
q
c(1)
p
= (c(1))2/pq.
This completes the proof. 
To prove the main results, the following lemma is needed.
Lemma 2.3. Let p, q be two positive integers such that gcd(p, q) = 1. Let H = (hx,y), x, y ∈ Zpq, where
hx,y = pqf (⟨px+ (q− p)y⟩pq)+ f (⟨(p+ q)x+ py⟩pq).
Then {hx,y : x, y ∈ Zpq} = Zp2q2 .
Proof. First, we prove that {⟨qi + pj⟩pq : i ∈ Zp, j ∈ Zq} = Zpq. Suppose that there exist (i1, j1), (i2, j2) ∈ Zp × Zq such that
⟨qi1 + pj1⟩pq = ⟨qi2 + pj2⟩pq, then qi1 + pj1 ≡ qi2 + pj2(mod pq), thus q(i1 − i2) ≡ 0(mod p), p(j1 − j2) ≡ 0(mod q). Since
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gcd(p, q) = 1, then i1 − i2 ≡ 0(mod p), j1 − j2 ≡ 0(mod q). Since i1, i2 ∈ Zp, j1, j2 ∈ Zq, then i1 = i2, j1 = j2, and hence
{⟨qi+ pj⟩pq : i ∈ Zp, j ∈ Zq} = Zpq.
Since {⟨qi+ pj⟩pq : i ∈ Zp, j ∈ Zq} = Zpq, f (⟨qi+ pj⟩pq) = ai,j, and {ai,j : 0 ≤ i ≤ p− 1, 0 ≤ j ≤ q− 1} = Zpq, then f is a
bijection on Zpq.
For α ∈ Zp2q2 , write α = pquα + vα , uα, vα ∈ Zpq. We need only to prove that there exists unique (x, y) ∈ Zpq × Zpq such
that f (⟨px+ (q− p)y⟩pq) = uα, f (⟨(p+ q)x+ py⟩pq) = vα . Since f is a bijection, then there exists unique (d1, d2) ∈ Zpq× Zpq
such that f (d1) = uα , f (d2) = vα . Since p2− (q−p)(q+p) = 2p2− q2, gcd(2p2− q2, pq) = 1, then the system of equations
px+ (q− p)y = d1, (p+ q)x+ py = d2 has unique solution (x, y) ∈ Zpq × Zpq. This completes the proof. 
We are now in a position to prove Theorems 1.1–1.3.
Proof of Theorem 1.1. Since A is a p × q doubly magic rectangle, B is a u × v doubly magic rectangle. Then for each
i ∈ Zp,∑q−1j=0 ai,j = q(pq− 1)/2,∑q−1j=0 a2i,j = q(pq− 1)(2pq− 1)/6. For each j ∈ Zq,∑p−1i=0 ai,j = p(pq− 1)/2,∑q−1j=0 a2i,j =
p(pq − 1)(2pq − 1)/6. For each s ∈ Zu,∑v−1t=0 bs,t = v(uv − 1)/2,∑v−1t=0 b2s,t = v(uv − 1)(2uv − 1)/6. For each
t ∈ Zv,∑u−1s=0 bs,t = u(uv − 1)/2,∑u−1s=0 b2s,t = u(uv − 1)(2uv − 1)/6.
For x ∈ Zpu, y ∈ Zqv , write x = ui+ s, i ∈ Zp, s ∈ Zu, y = vj+ t, j ∈ Zq, t ∈ Zv . Let C = (cx,y), cx,y = uvai,j+ bs,t . Since
{ai,j : i ∈ Zp, j ∈ Zq} = Zpq, {bs,t : s ∈ Zu, t ∈ Zv} = Zuv , then it is easy to see that {cx,y : x ∈ Zpu, y ∈ Zqv} = Zpquv .
For x = uix + sx ∈ Zpu, ix ∈ Zp, sx ∈ Zu,
qv−1−
y=0
cx,y =
q−1
j=0
v−1
t=0
(uvaix,j + bsx,t) =
q−1
j=0
v−1
t=0
uvaix,j +
q−1
j=0
v−1
t=0
bsx,t = uv2
q−1
j=0
aix,j + q
v−1
t=0
bsx,t
= uv2 q(pq− 1)
2
+ qv(uv − 1)
2
= qv(uvpq− 1)/2.
Similarly, one can prove that for each x ∈ Zpu,∑qv−1y=0 c2x,y = qv(uvpq− 1)(2uvpq− 1)/6. For each y ∈ Zqv,∑pu−1x=0 cx,y =
pu(uvpq−1)/2,∑pu−1x=0 c2x,y = pu(uvpq−1)(2uvpq−1)/6. So, C is a doubly magic rectangle. This completes the proof. 
Proof of Theorem 1.2. We prove that H in Lemma 2.3 is the desired doubly pandiagonal magic square. It is not difficult to
see that {hx,y : x, y ∈ Zpq} = Zp2q2 .
First, we prove that H is a pandiagonal magic square. For each y ∈ Zpq,
pq−1−
x=0
hx,y =
pq−1−
x=0
pqf (⟨px+ (q− p)y⟩pq)+
pq−1−
x=0
f (⟨(p+ q)x+ py⟩pq)
=
pq−1−
x=0
pqf (⟨p(x− y)+ qy⟩pq)+
pq−1−
x=0
f (⟨(p+ q)x+ py⟩pq)
=
pq−1−
z=0
pqf (⟨pz + qy⟩pq)+
pq−1−
x=0
f (⟨(p+ q)x+ py⟩pq).
It is clear that gcd(p+ q, pq) = 1, then from Lemma 2.1,
pq−1−
z=0
pqf (⟨pz + qy⟩pq) = pqc(1),
pq−1−
x=0
f (⟨(p+ q)x+ py⟩pq) = c(1).
Thus
∑pq−1
x=0 hx,y = (pq+ 1)c(1).
For each x ∈ Zpq,
pq−1−
y=0
hx,y =
pq−1−
y=0
pqf (⟨px+ (q− p)y⟩pq)+
pq−1−
y=0
f (⟨(p+ q)x+ py⟩pq)
=
pq−1−
y=0
pqf (⟨(q− p)y+ px⟩pq)+
pq−1−
y=0
f (⟨p(y+ x)+ qx⟩pq)
=
pq−1−
y=0
pqf (⟨(q− p)y+ px⟩pq)+
pq−1−
z=0
f (⟨pz + qx⟩pq).
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Since gcd(q− p, pq) = 1, then from Lemma 2.1,
pq−1−
y=0
pqf (⟨(q− p)y+ px⟩pq) = pqc(1),
pq−1−
z=0
f (⟨pz + qx⟩pq) = c(1).
Thus
∑pq−1
y=0 hx,y = (pq+ 1)c(1).
pq−1−
x=0
hx,x =
pq−1−
x=0
pqf (⟨qx⟩pq)+
pq−1−
x=0
f (⟨(2p+ q)x⟩pq).
Since gcd(2p+ q, pq) = 1, then from Lemma 2.1,∑pq−1x=0 hx,x = (pq+ 1)c(1).
pq−1−
x=0
hx,pq−1−x =
pq−1−
x=0
pqf (⟨(2p− q)x+ p− q⟩pq)+
pq−1−
x=0
f (⟨qx− p⟩pq).
Since gcd(2p− q, pq) = 1, then from Lemma 2.1,∑pq−1x=0 hx,pq−1−x = (pq+ 1)c(1).
For each 1 ≤ k1 ≤ pq− 1,
pq−1−
x=0
hx,k1+x =
pq−1−
x=0
pqf (⟨q(x+ k1)− pk1⟩pq)+
pq−1−
x=0
f (⟨(2p+ q)x+ pk1⟩pq)
=
pq−1−
z=0
pqf (⟨qz − pk1⟩pq)+
pq−1−
x=0
f (⟨(2p+ q)x+ pk1⟩pq).
Since gcd(2p+ q, pq) = 1, then from Lemma 2.1,∑pq−1x=0 hx,k1+x = (pq+ 1)c(1).
Similarly, one can prove that for each 0 ≤ k2 ≤ pq−2,∑pq−1x=0 hx,k2−x = (pq+1)c(1). So,H is a pandiagonal magic square.
Then, we prove that H is a doubly pandiagonal magic square.
For each y ∈ Zpq,
pq−1−
x=0
h2x,y = p2q2
pq−1−
x=0
f (⟨px+ (q− p)y⟩pq)2 +
pq−1−
x=0
f (⟨(p+ q)x+ py⟩pq)2
+ 2pq
pq−1−
x=0
f (⟨px+ (q− p)y⟩pq)f (⟨(p+ q)x+ py⟩pq).
From Lemma 2.1,
pq−1−
x=0
f (⟨px+ (q− p)y⟩pq)2 = c(2),
pq−1−
x=0
f (⟨(p+ q)x+ py⟩pq)2 = c(2).
From Lemma 2.2(1),
pq−1−
x=0
f (⟨px+ (q− p)y⟩pq)f (⟨(p+ q)x+ py⟩pq) =
pq−1−
x=0
f (⟨p(x− y)+ qy⟩pq)f (⟨(p+ q)x+ py⟩pq)
=
pq−1−
z=0
f (⟨pz + qy⟩pq)f (⟨(p+ q)z + (2p+ q)y⟩pq) = (c(1))2/pq.
Thus
∑pq−1
x=0 h2x,y = (p2q2 + 1)c(2) + 2(c(1))2.
Similarly, from Lemmas 2.1 and 2.2(2), one can prove that for fixed x ∈ Zpq,∑pq−1y=0 h2x,y = (p2q2 + 1)c(2) + 2(c(1))2.
From Lemmas 2.1 and 2.2(3), (4), one can prove that
∑pq−1
x=0 h2x,x = (p2q2 + 1)c(2) + 2(c(1))2,
∑pq−1
x=0 h
2
x,pq−1−x =
(p2q2 + 1)c(2) + 2(c(1))2.
For 1 ≤ k1 ≤ pq− 1, 0 ≤ k2 ≤ pq− 2, from Lemmas 2.1 and 2.2(5), (6), one can prove that
pq−1−
x=0
h2x,k1+x = (p2q2 + 1)c(2) + 2(c(1))2,
pq−1−
x=0
h2x,k2−x = (p2q2 + 1)c(2) + 2(c(1))2.
This completes the proof. 
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Proof of Theorem 1.3. To find a p× q doubly magic rectangle Ap×q = (ai,j) , 0 ≤ i ≤ p− 1 , 0 ≤ j ≤ q− 1, ai,j ∈ Zpq, the
following conditions are necessary:
(1)
∑q−1
j=0 ai,j = q(pq−1)2 ,
∑q−1
j=0 a
2
i,j = q(pq−1)(2pq−1)6 , 0 ≤ i ≤ p− 1;
(2)
∑p−1
i=0 ai,j = p(pq−1)2 ,
∑p−1
i=0 a
2
i,j = p(pq−1)(2pq−1)6 , 0 ≤ j ≤ q− 1.
For each (p, q) ∈ E, with the aid of a computer, we can find a p×q doublymagic rectangle Ap×q. We list Ap×q for (p, q) ∈ E
below. Then the conclusion comes from Theorems 1.1 and 1.2. This completes the proof.
A11×7 =

0 16 38 42 45 51 74
2 33 24 36 35 76 60
21 23 59 73 4 49 37
30 68 28 70 5 43 22
31 67 71 29 40 25 3
44 14 54 7 65 62 20
47 75 39 15 41 1 48
56 19 13 46 58 8 66
57 17 9 63 55 53 12
61 52 11 10 64 18 50
69 34 72 27 6 32 26

, A13×7 =

0 17 39 51 63 65 80
1 18 40 62 56 86 52
2 20 36 68 45 60 84
38 37 50 26 90 4 70
47 76 87 7 29 25 44
48 34 88 28 77 8 32
49 27 75 81 15 58 10
53 30 33 3 78 35 83
74 55 23 85 31 5 42
71 89 19 46 6 43 41
67 21 72 13 57 73 12
69 79 14 61 22 59 11
66 82 9 54 16 64 24

,
A19×7 =

31 49 69 87 89 131 6
129 21 35 47 67 117 46
71 121 7 25 55 110 73
86 93 123 11 13 61 75
82 95 105 107 3 27 43
41 63 97 103 119 30 9
111 34 54 60 118 83 2
72 0 42 94 101 37 116
1 114 36 74 44 81 112
84 90 130 40 15 23 80
68 96 124 45 33 4 92
53 128 29 8 58 88 98
28 59 56 10 132 99 78
39 12 102 122 91 70 26
106 79 20 52 16 62 127
18 14 57 113 76 64 120
104 24 51 115 108 22 38
5 85 100 32 66 126 48
125 77 17 109 50 19 65

,
A13×11 =

0 25 26 51 52 77 115 84 103 127 121
125 128 113 99 85 76 50 24 53 1 27
2 23 28 49 54 75 133 114 83 119 101
131 129 107 97 86 74 29 48 3 55 22
21 4 30 47 56 116 80 132 122 100 73
72 126 134 110 31 20 46 57 98 82 5
58 93 87 141 45 6 19 32 118 111 71
59 89 44 95 140 67 7 18 120 109 33
70 60 112 42 88 8 117 91 17 34 142
102 40 123 35 16 139 63 105 68 9 81
96 36 14 130 11 138 66 69 90 94 37
108 78 41 12 124 62 61 136 10 43 106
79 92 64 15 135 65 137 13 38 39 104

,
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A17×11 =

68 135 157 0 34 110 152 166 33 67 101
69 32 66 167 109 35 1 160 150 134 100
163 111 70 2 36 130 146 170 31 65 99
64 71 30 151 131 37 3 172 158 108 98
72 97 171 4 38 112 128 140 29 63 169
62 73 96 133 107 39 5 142 174 164 28
145 113 74 6 40 122 162 27 178 95 61
26 60 75 119 183 41 154 7 116 148 94
186 155 138 92 8 42 76 59 127 115 25
126 24 77 144 159 181 88 114 58 9 43
165 10 23 106 57 176 78 44 91 124 149
22 147 56 104 45 80 168 93 120 11 177
132 185 48 105 143 54 90 83 14 153 16
156 46 129 86 136 182 79 52 15 17 125
21 141 175 102 87 82 49 50 118 18 180
51 161 184 137 89 19 121 47 84 117 13
53 20 12 123 179 139 81 55 85 173 103

. 
In this note, a doubly magic rectangle is introduced to construct a doubly pandiagonal magic square. So, the following
problem is natural.
Problem. For odd integers p, q such that gcd(p, q) = 1, determine the existence of p× q doubly magic rectangles.
One referee pointed out the following interesting problems: (1) find general constructions for doubly magic rectangles;
(2) generalize Theorem 1.1 tom-multimagic rectangles; (3) generalize Theorem 1.2 tom-multipandiagonal magic squares.
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